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Abstract. The virtual black hole phenomenon, which has been observed previously in specific models, is
established for generic 2D dilaton gravity theories with scalar matter. The ensuing effective line element
can become asymptotically flat only for two classes of models; among them spherically reduced theories and
the string inspired dilaton black hole. We present simple expressions for the lowest order scalar field vertices
of the effective theory which one obtains after integrating out geometry exactly. Treating the boundary in
a natural and simple way, asymptotic states, tree-level vertices and the tree-level S-matrix are conformally
invariant. Examples are provided pinpointing the physical consequences of virtual black holes on the
(CPT -invariant) S-matrix for gravitational scattering of scalar particles. For minimally coupled scalars
the evaluation of the S-matrix in closed form is straightforward. For a class of theories including the string
inspired dilation black hole all tree-graph vertices vanish, which explains the particular simplicity of that
model and at the same time shows yet another essential difference to the Schwarzschild case.

1 Introduction

Recent years have seen remarkable progress in the quan-
tum treatment of two dimensional models of gravity,
so-called generalized dilaton theories (GDTs) (for a re-
cent review cf. [1]), which include, most prominently, the
Schwarzschild black hole (BH) and the string inspired
CGHS model [2].

GDTs have been quantized in the last decade mostly
by Dirac’s canonical method [3] and, less frequently, by the
path integral technique [4–8]. Indeed path integral quan-
tization of a system with no propagating physical modes
may appear to be something of an overkill, although both
formalisms encounter essentially the same subtleties, al-
beit in different disguises.

However, once matter is switched on, the path inte-
gral approach to us appears to be superior. In addition
to purely technical advantages the main reason is the
much closer relation to genuine physical observables1 like
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1 By observable we mean “objects to be measured” rather

than observables in the formal sense of Dirac. Of course the
latter play a crucial role in Dirac quantization, but they are
not necessarily identical to the former. Measuring the angular
momentum of an electron (which is an observable in Dirac’s
sense) means to couple it to an external (magnetic) field and
to calculate a corresponding S-matrix element which is an ob-

S-matrix elements. In fact, results like the ones to be dis-
cussed in our present note have been derived until now
exclusively within this theoretical setup2 [6, 7].

Especially as a consequence of the non-perturbative
treatment of the geometric part, achieved in a “covari-
ant Hamiltonian” action, together with a specific tem-
poral gauge choice [4, 5], rather powerful new tools are
available to tackle some persistent problems surrounding
especially the Schwarzschild BH, but with consequences in
other situations of general relativity which can be reduced
effectively to a two dimensional problem3.

Proceeding along the well established paths of quan-
tum field theory, already at the level of the (non-local)
vertices of matter fields, to be used in a systematic pertur-
bative expansion in terms of Newton’s constant, a highly
non-trivial and physically intriguing phenomenon can be
observed, namely the so-called “virtual black hole”(VBH).
This notion originally has been introduced by Hawking
[14], but in our recent approach the VBH for spherically

servable in the physical sense because it can be compared with
experiments

2 Of course, within the Dirac quantization approach since the
seminal work of Kuchař on the quantization of gravitational
waves [9] also interesting results with matter have been ob-
tained, e.g. in the thin shell approach [10] where bound states
might occur [11]

3 At the quantum level the complications due to the “di-
mensional reduction anomaly” [12] may come into play, but
reasonable results for specific questions like the Hawking flux
from BHs [13] suggest that even these complications may be
of limited importance
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reduced gravity (SRG) emerges naturally in Minkowski
signature space-time, without the necessity of additional
ad hoc assumptions. The following observations are help-
ful to understand our notion of a VBH: the effective ge-
ometry that is obtained after taking into account the first
non-trivial matter correction in our background indepen-
dent quantization procedure contains a BH geometry lo-
calized on a light-like cut (see the Carter–Penrose dia-
gram in Fig. 2 below). The non-trivial part of this geom-
etry looks like a BH geometry in a Rindler background.
This type of BH is not felt by the asymptotic states but
only indirectly via scattering processes (which are encoded
in the lowest order vertices to be calculated in this work).
It can be traced back to a discontinuity in the geometric
part of a conserved quantity (denoted by C(g)) which ex-
ists in all theories under consideration; see (3.14) below.
Thus, whenever C(g) has a discontinuity a VBH is present.
The first discussion in [6] (SRG with in D = 2 minimally
coupled scalars) was too simple to yield an interesting S-
matrix, unless mass terms of the scalar field were added.
The situation had improved for non-minimally coupled
scalars [7] where the lowest order S-matrix indeed exhib-
ited interesting features: forward scattering poles, mono-
mial scaling with energy, CPT invariance, and pseudo-
self-similarity in its kinematic sector [8].

In the present work we extend this analysis to arbitrary
GDTs and show that the VBH phenomenon is generic.
However, for one particular class of models, including the
in the 2D-community well-known CGHS model, no tree-
level scattering exists. Therefore the VBH phenomenon is
not observable there (at least at the classical level). This
result again pinpoints its special role among GDTs and
provides a somewhat physical way to explain its simplicity.
It also confirms that the Schwarzschild BH and the dilaton
BH differ essentially.

In order to make this note self-contained we recapit-
ulate in Sect. 2 some basic features of the path integral
quantization. Section 3 is devoted to the determination
of the vertices which are already non-local at the tree
level, generalizing previous results on SRG [6,7] to generic
dilaton theories (cf. (2.2) or (2.4) below). Although the
consequences of these vertices for tree-level scattering of
scalars under the influence of their own gravitational in-
teractions is a classical phenomenon, their treatment from
an S-matrix point of view is advantageous. Even without
an explicit evaluation of special cases the general features
can be discussed quite broadly (Sect. 4).

2 Two dimensional quantum gravity
with matter

In its first order gravity (FOG) version the GDT action
reads

L = L(FOG) + L(m) , (2.1)

with the geometric part

L(FOG) =
∫

M2

[XaD ∧ ea + Xd ∧ ω + εV(XaXa, X)]. (2.2)

Geometry is expressed by the one form zweibeins ea (a =
+, − in the local Lorentz frame using light-cone gauge)
and the one form spin connection ωa

b = εa
bω, appearing

in the covariant derivative Da
b = δa

b d + ωa
b (the volume

form is denoted by ε = 1
2εabe

a∧eb). The dependence on the
auxiliary fields Xa and the dilaton field X in the potential
(using XaXa = 2X+X−)

V(XaXa, X) = X+X−U(X) + V (X) (2.3)

encodes the models relevant for our purposes. The action
(2.2) is classically and quantum mechanically equivalent
[5] to the more familiar general second order dilaton action

L(SOG) =
∫

d2x
√−g

×
[
−X

R

2
− U(X)

2
(∇X)2 + V (X)

]
. (2.4)

For the matter part we choose a (non-minimally coupled)
massless scalar field:

L(m) =
1
2

∫
M2

F (X)dφ ∧ ∗dφ , (2.5)

with an – in principle arbitrary – coupling function F (X).
In practice the cases F = const. (minimal coupling) and
F ∝ X (SRG) are the most relevant ones.

The path integration can be performed using e.g. a
“temporal gauge”

ω0 = 0, e−
0 = 1, e+

0 = 0 . (2.6)

It is convenient to introduce comprehensive notations (in
accordance with [1]) for the remaining geometric variables:

(q1, q2, q3) := (ω1, e
−
1 , e+

1 ) ,

(p1, p2, p3) := (X, X+, X−) . (2.7)

In terms of (2.7) the action (2.1) can be rewritten as

L =
∫

d2x
[
piq̇i + q1p2 − q3 (V (p1) + U(p1)p2p3)

+F (p1)
(
(∂1φ)(∂0φ) − q2(∂0φ)2

) ]
, (2.8)

where the gauge condition (2.6) has been taken into ac-
count. The abbreviations

Φ0 :=
1
2
(∂0φ)2 , Φ1 :=

1
2
(∂0φ)(∂1φ) . (2.9)

are suggested by (2.8).
The action (2.8) is linear in qi. This is also true for

the matter action (2.5) when it is expressed in terms of
the variables (2.7) and for the source terms for qi which
are neither included explicitly in (2.8) nor in what fol-
lows. Therefore, the integration over qi can be performed
exactly – without the necessity of introducing a split of
geometry into “background” and “fluctuations” – yield-
ing three functional δ-functions δ(pi − pcl

i ), where pcl
i are
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Fig. 1. The total V (4)-vertex (with
outer legs) contains a symmetric contri-
bution V

(4)
a and (for non-minimal cou-

pling) a non-symmetric one V
(4)

b . The
shaded blobs depict the intermediate
interactions with VBHs

solutions of the classical equations of motion for pi in the
presence of external sources. For each specific model the
pcl

i are given functions of Φ0 and Φ1. The three delta func-
tions are then used to integrate pi. Retaining only the de-
pendence on the source σ of the scalar field the simplified
generating functional of the Green functions reads4

W (σ) =
∫

(Dφ) exp iLeff , (2.10)

Leff =
∫

d2x
[
2F (pcl

1 )Φ1 + L̃(pcl
i ) + σφ

]
, (2.11)

L̃(pcl
1 ) = −g̃w′(pcl

1 ) , (2.12)

where
w(p1) :=

∫ p1

I(y)V (y)dy , (2.13)

with
I(p1) := exp

∫ p1

U(y)dy. (2.14)

Here g̃ plays the role of an effective coupling. It will be
fixed below establishing the unit of length. Note that pcl

1
depends non-locally and non-polynomially on Φ0. In the
absence of external sources it is determined by the classical
equations of motion (e.o.m.) (3.3) and (3.4) below.

Up to this point all path integrals have been exact.
In the next step the quadratic terms in φ, respectively
the linear expressions in Φ0 and Φ1, are isolated in (2.11).
Terms of higher order in φ are interpreted as vertices in a
standard perturbation theory.

A peculiar property of 2D gravity theories is the pres-
ence of an “absolute” (in space and time) conservation law
dC = d(C(g) + C(m)) = 0 [15] even when matter is taken
into account [16]. Its geometric part only depends on the
auxiliar fields, respectively pi (cf. (2.7)). The (classical)
expression for the latter,

C(g) := I(p1)p2p3 + w(p1) , (2.15)

will be needed below with I of (2.14) playing the role of an
integrating factor. C(g) is related to the so-called “mass-
aspect function” [17] and becomes simply proportional to
the ADM mass for asymptotically flat metrics.

It should be noted that in models (2.4) which are con-
nected by a conformal transformation

gµν = e2ρ(X)g̃µν , U(X) = Ũ(X) + 2ρ′(X) ,

V = e−2ρ(X)Ṽ (X) , (2.16)
4 In the present context questions regarding the measure,

back reactions and geometric source terms are irrelevant.
Therefore, the generating functional of the Green functions
simplifies considerably as compared to the exact case [1, 5, 7]

the combination w(p1) = w̃(p1) as defined in (2.13) is
invariant.

3 Construction
of the lowest order tree-graphs

In the present paper we are interested in the tree-level
amplitudes and in the generic properties of ensuing S-
matrix elements. The final result can be formulated in a
rather intuititive way as explained below. A more rigorous
derivation can be found in our previous work [1, 6, 7].

The lowest order vertex from (2.12) is quartic in φ.
Thus in the notations (2.9) the generic four-point interac-
tion term reads

V (4) =
∫

d2xd2y
[
V (4)

a (x, y)Φ0(x)Φ0(y)

+V
(4)
b (x, y)Φ0(x)Φ1(y)

+V (4)
c (x, y)Φ1(x)Φ1(y)

]
(3.1)

with some kernels V
(4)
a,b,c(x, y). As pcl

1 is independent of Φ1

(cf. (3.3) and (3.4) below) it is clear that the interaction
term with V

(4)
c never appears in V (4) which is graphically

represented in Fig. 1.
In principle V (4) could be abstracted directly from

(2.11). However, the expressions pcl
i = pcl

i (Φ0) require the
solution of three coupled first order differential equations
which are nothing else than the classical e.o.m. (3.3)–
(3.5) below. The geometric quantities qi could be obtained
as expectation values. Also for them it is much prefer-
able to go back to their (classical) e.o.m. Then, for ex-
ample, to calculate V

(4)
a (x, y), one may use the following

recipe [1,5–7]. With the matter distribution localized at a
point y,

Φi(x) = ciδ
2(x − y) , i = 0, 1 , (3.2)

one computes solutions qi(x; ci, y), pi(x; ci, y) of the classi-
cal e.o.m. with the matter sources given by (3.2). Recalling
that the coefficient in front of Φ0 in (2.8) is [−2F (p1)q2],
V

(4)
a (x, y) simply is given by [−2F (pi(x; ci, y))q2(x; ci, y)],

taken at linear order of c0. The vertex V
(4)
b (x, y) can be

constructed in a similar manner. In fact, for all tree-graph
vertices (with 2N outer legs) the knowledge of the solu-
tions of the classical e.o.m. with localized matter sources
(at N − 1 different points) is sufficient.

3.1 Equations of motion

The gauge-fixed action (2.8) yields the following e.o.m.:
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∂0p1 = p2 , (3.3)
∂0p2 = −2F (p1)Φ0 , (3.4)
∂0p3 = −V (p1) − p2p3U(p1) , (3.5)
∂0q1 = q3 (V ′(p1) + p2p3U

′(p1))
−2F ′(p1)(Φ1 − q2Φ0) , (3.6)

∂0q2 = −q1 + q3p3U(p1) , (3.7)
∂0q3 = q3p2U(p1) . (3.8)

The system (3.3)–(3.8) can be solved exactly for Φ0 =
Φ1 = 0, as well as for localized matter (3.2). Then two
patches (x0 < y0 and x0 > y0) must be matched by appro-
priate conditions at x0 = y0. The structure of (3.3)–(3.8)
shows that p1, p3, q2, q3 are continuous, whereas p2, q1 may
jump at x0 = y0. This yields six conditions relating the
“asymptotic” integration constants (x0 > y0) to the “in-
ner” ones (x0 < y0).

The conditions for the determination of the six asymp-
totic integration constants are as follows.
(1) p1|x0→∞ = x0 fixes two integration constants. It im-
plies p2|x0→∞ = 1.
(2) C(g)

∣∣
x0→∞ = C∞ by (2.15) yields the constant in p3.

We will choose C∞ = 0, which corresponds to the ground
state – e.g. for SRG which is asymptotically flat this con-
dition yields Minkowski space-time.
(3) q3|x0→∞ = 1 · I(p1) establishes the unit of length.
(4) The remaining two integration constants are called
m∞ and a∞, because for SRG they correspond to a
Schwarzschild and a Rindler term, respectively. Both of
them enter q2|x0→∞.

It should be noted that not all six integration constants
are independent: (3.3)–(3.8) are not the complete set of
(classical) e.o.m. of the model. Without gauge fixing also
equations from variation of e±

0 and ω0 – the secondary con-
straints in the Hamiltonian formalism [1] – must hold. In
the quantum formalism they appear as “Ward identities”
and resemble (3.3) and (3.4), but with the ∂1 derivative
replacing ∂0. It turns out that they imply two additional
independent relations,

C∞ = m∞ , a∞ = 0 . (3.9)

leaving the only non-trivial asymptotic quantity to be
m∞. Due to our conventions m∞ is negative for a pos-
itive BH mass.

Fixing these integration constants in this manner the
global solutions for the momenta from (3.3)–(3.5) to O(c0)
are

p1 = x0 + 2F (y0)(x0 − y0)h0 , (3.10)
p2 = 1 + 2F (y0)h0 , (3.11)
p3 = (3.12)

I−1(p1)
(

m∞ − 2F (y0)w(y0)h0 − 1
p2

w(p1)
)

,

with the abbreviations

hi = ciθ(y0 − x0)δ(x1 − y1) , i = 0, 1 . (3.13)

From now on all quantities will be given only to the re-
quired linear order in c0 and c1. The geometric part of the
conserved quantity from (2.15) becomes

C(g) = m∞ + 2F (y0)
(
m∞ − w(y0)

)
h0 . (3.14)

Thus, m∞ fixes the asymptotic value of C(g). One can
observe already the VBH phenomenon: The discontinuity
in h0 at x0 = y0 also carries over to C(g). Thus the VBH
is a generic feature of all GDTs.

The solution for the component q1 of the spin con-
nection is not needed for the line element and only ∂0q1
(which can be read off from (3.6)) is needed for the curva-
ture scalar5. The line element in the gauge in (2.6) from
(2.7) only depends on the zweibeins q2, q3 which are the
solutions of (3.6) and (3.7):

q2 = m∞ − w(p1) − 2(x0 − y0)F ′(y0)h1 (3.15)
+
[
4F (y0)

(
w(x0) − w(y0)

)
−2(x0 − y0) (Fw)′|y0

]
h0 ,

q3 = I(p1) . (3.16)

3.2 Effective geometry

The line element (ds)2 = 2e+⊗e− in the gauge (2.6) reads

(ds)2 = 2q3dx0dx1 + 2q2q3(dx1)2 . (3.17)

In order to bring it into a more familiar form we define a
“radial” variable

dr = bq3(x0)dx0, b ∈ R
∗ , (3.18)

and a “null coordinate”

du = b−1dx1 , (3.19)

thus obtaining the line element in Sachs–Bondi form

(ds)2 = 2drdu + K(r, u; r0, u0)(du)2 , (3.20)

with the “Killing norm”6 K(r, u; r0, u0) = 2b2q2q3.
More explicitly K reads

K(r, u; r0, u0)
= K∞

[
1 + 2F (y0)U(x0)(x0 − y0)h0

]
−4b2I(x0)(x0 − y0)

× [F (y0)
(
V (x0)I(x0) + V (y0)I(y0)

)
h0

+ F ′(y0)
(
w(y0)h0 + h1

)]
+8b2I(x0)F (y0)

(
w(x0) − w(y0)

)
h0 , (3.21)

with

K∞ = 2b2I(x0)
(
m∞ − w(x0)

)∣∣
c=0 . (3.22)

5 For SRG the curvature scalar can be calculated more ele-
gantly using the Kerr–Schild decomposition [8]

6 The quantities (r0, u0) are related to (y0, y1) like (r, u) to
(x0, x1)
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Its continuity at x0 = y0 is manifest in (3.21). For SRG
in the VBH region a Schwarzschild term (proportional to
1/r) and a Rindler term (proportional to r) are present
in (3.21). Their appearance is somewhat surprising be-
cause apart from fixing the asymptotic boundary values
of all geometric quantities we have made no assumption
whatsoever on the geometry, except for its (Minkowskian)
signature.

Depending on I(x0) and w(x0) asymptotic flatness7
can be achieved for which there are two possibilities.
(1) I(x0)w(x0)

∣∣
c=0 = const. ∈ R

∗ and limr→∞ I(r) ∝ rα,
with α ≤ 0.
(2) I(x0) = const. ∈ R

∗ and limr→∞ w(r) ∝ rα, with
α ≤ 0.

The first scenario is fulfilled for all SRG models arising
by reduction from D dimensions (F ∝ X, x0 ∝ rD−2,
D > 3, λ ∈ R

∗)

U(X) = − (D − 3)
(D − 2)X

,

V (X) = −λ2

2
(D − 2)(D − 3)X(D−4)/(D−2) , (3.23)

I(X) = X(3−D)/(D−2) ,

w(X) = −λ2

2
(D − 2)2X(D−3)/(D−2) , (3.24)

including the CGHS model as the formal limiting case
D → ∞, F = const. and λ ∝ 1/D [1]. The second case ap-
plies e.g. when SRG models are transformed conformally
so that Ũ = 0.

For GDTs the only independent physical geometric
quantity is the curvature scalar8 R(VBH) = 2(e)−1ε̃αβ∂αωβ

= −2q−1
3 ∂0q1 which in terms of the solutions (3.16) and

(3.6) becomes

R(VBH) = −2 (V ′(p1) + p2p3U
′(p1)) (3.27)

+4(I(p1))−1F ′(p1) (Φ1 − q2Φ0) .

7 Statements about asymptotic flatness are in general not
invariant under conformal transformations because in addition
to w-dependence we have dependence on the boundary value
m∞ and also dependence on I, a conformally non-invariant
quantity.
For definiteness we assume that the asymptotic region corre-
sponds to x0, r → ∞

8 There is a slight subtlety at this point: in conformal frames
where I �= 1 the curvature scalar (as defined by the Hodge dual
of the curvature two form) is not just the second derivative of
the Killing norm, because part of the geometric information is
encoded in the torsion. In the absence of matter one obtains
for the curvature associated with the Levi-Civita connection

R̃ = 2
(
V ′(p1) + p2p3U

′(p1)
) − 4

w′′(p1)
I(p1)

, (3.25)

while the Hodge dual of the curvature two form reads

R = −2
(
V ′(p1) + p2p3U

′(p1)
)

. (3.26)

In the absence of torsion (U = 0) both expressions coincide.
The torsion two form T a is proportional to the volume two
form times U(p1)ta with t+ = I(p1) and t− = C(g) − w(p1)

i0

i-

i+

ℑ-

ℑ+

y

Fig. 2. CP diagram of the VBH

One can read off from (3.27) that the first term provides
a step function at x0 = y0 while the second term yields a
contribution9 δ(y0 − x0). The latter is absent for minimal
coupling. If additionally U ′ = 0 – as for instance in the
Katanaev–Volovich model [19] – the curvature scalar even
becomes continuous. As the curvature depends on U and
V separately it is quite different in conformally related
theories.

The Carter–Penrose (CP) diagram of the VBH geome-
try is analogous to the SRG case discussed in [8]: there will
be a light-like cut where the non-trivial part of geometry
(namely the VBH) is localized with δ-like contributions
to the curvature scalar on its end-points. The rest of the
CP diagram is determined by (3.22). For instance, if the
potentials and the asymptotic mass m∞ are chosen such
that K∞ is constant, then the CP diagram is given by
the one for Minkowski space beside the VBH. One can
simply determine the full CP diagram by disregarding the
VBH in a first step (thus drawing an ordinary CP diagram
for a line element (3.20) with K being replaced by K∞)
and then simply adding the light-like cut representing the
VBH.

As in the previous case one obtains a family of CP di-
agrams labelled by the end-point (denoted by y in Fig. 2).
All these (off-shell) geometries are (continuously) summed
in the S-matrix.

3.3 Symmetric four-point vertex

To obtain the interaction vertex V
(4)
a one has to substi-

tute10 the classical solutions (3.10)–(3.16) in the interac-
tion term −F (p1)q2Φ0(x), truncate it to linear order in c0,
multiply by Φ0(y), and integrate over the space-time. We

9 In some models (e.g. all SRG models) an additional (δ-like)
contribution at the “origin” x0 = 0 may arise [18]
10 Especially at this point it might be convenient to consult
Sect. 8 of the review in [1] or the corresponding parts of the
original papers [5–7]
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have

V (4)
a =
−2
∫

x

∫
y
Φ0(x)Φ0(y)θ(x0 − y0)δ(x1 − y1)F (x0)F (y0)

×
[
4
(
w(x0) − w(y0)

)− 2(x0 − y0)
(
w′(x0) + w′(y0)

+F ′(y0)
F (y0) w(y0) + F ′(x0)

F (x0)

(
w(x0) − m∞

) )]
. (3.28)

This vertex has the following properties.
(1) It vanishes for x0 = y0.
(2) It depends only on the combination (2.13) of U and
V in the function w(p1); since w(p1) is invariant under
conformal transformations also the vertex is invariant, if
m∞ was fixed to the same value in all conformal frames.
(3) It respects the Z2 symmetry F (p1) → −F (p1); thus, a
change of the sign of the gravitational coupling constant
(implicitly contained in F (p1)) does not change the result
for this vertex11.

3.4 Non-symmetric four-point vertex

An additional vertex arises for non-minimal coupling
(F ′ �= 0 in (2.5)):

V
(4)
b = (3.29)

− 4
∫

x

∫
y

Φ0(x)Φ1(y)δ(x1 − y1)F (x0)F ′(y0)
∣∣x0 − y0

∣∣ .

It shares the properties with its symmetric counterpart,
except for the fact that it is even independent of U and
V .

No further vertices appear, unless one adds mass-terms
(they yield additional vertices as shown in [6]) or local self-
interactions (which are rather trivial).

4 S-matrix elements

The S-matrix element with ingoing modes q, q′ and out-
going ones k, k′,

T (q, q′; k, k′) =
1
2

〈
0
∣∣∣a−

k a−
k′

(
V (4)

a + V
(4)
b

)
a+

q a+
q′

∣∣∣ 0〉 , (4.1)

depends not exclusively on the vertices (3.28) and (3.29),
but also on the asymptotic states of the scalar field with
corresponding creation/anihilation operators a± obeying
canonical commutation relations of the form

[
a−

k , a+
k′
] ∝

δ(k − k′).
Their explicit form is model dependent and sensitive

to m∞. That is why from now on we restrict ourselves
to general statements rather than calculations which have
already appeared to be rather lengthy in previous work
on SRG [7].
11 It is interesting to note that the one-loop quantum effec-
tive action for non-minimally coupled matter fields respects a
different Z2 symmetry [20]: F (p1) → F (p1)−1

4.1 Asymptotic matter states

The metric extracted from (ds)2 in (3.17) at x0 → ∞
determines the asymptotic matter states in the S-matrix.
They not only depend on the model but also on the value
of m∞. In this limit the Klein–Gordon equation, expressed
by the asymptotic form of q2 = m∞ − w(x0) reads

∂1∂0φ +
F ′(x0)
2F (x0)

∂1φ

= q2∂0∂0φ + q2
F ′(x0)
F (x0)

∂0φ − w′(x0)∂0φ . (4.2)

If (4.2) can be solved exactly and if the set of solutions
is complete and normalizable (in an appropriate sense)
a Fock space for incoming and outgoing scalars can be
constructed in the usual way. Equation (4.2) is conformally
invariant with the previous caveat concerning m∞. Since
the integration constant m∞ enters (4.2) the asymptotic
states depend on the choice of boundary conditions.

Most string inspired dilaton models exclusively use
minimally coupled scalars (F (p1) = const.). In that case
(4.2) simplifies drastically:

∂0(∂1φ − q2∂0φ) = 0 . (4.3)

Solutions of this equation are outgoing modes:

φout = a+
k exp

(
ikx1) , (4.4)

and ingoing ones:

φin = a−
k exp

(
−ik

(
x1 +

∫ x0
dz

m∞ − w(z)

))
. (4.5)

Using first (3.18) and (3.19) and then the Regge–Wheeler
redefinition dt = du + dr/K∞(r; r0) with K∞ given by
(3.22) one can switch to the more transparent (r, t) coor-
dinates. In terms of these we obtain ordinary asymptotic
plane waves. After defining a properly normalized com-
mutation relation between a−

k and a+
k one can build the

Fock space and calculate the S-matrix using the vertex
(3.28) in complete analogy to [6] where the special case
m∞ = 0, U(p1) = −1/(2p1) and V (p1) = const. has been
investigated.

We emphasize that only one vertex is present in the
minimally coupled case. For the model considered in [6]
this has led to the conclusion that one of the following
three alternatives must hold: 1. the scattering amplitude
diverges, 2. the scattering amplitude vanishes (if the vir-
tual black hole is plugged by an ad hoc regularity con-
dition) or 3. the scalar field acquires a mass term, thus
producing a second four-point vertex.

Considering non-minimally coupled scalars induces
two important complications: firstly, the asymptotic
Klein–Gordon equation (and hence also the asymptotic
states) differs, and secondly, an additional vertex (3.29)
exists. For SRG especially the second drawback turned
into a virtue, since the scattering amplitude exhibited
some very nice features (to start with, it was finite without
additional regularity conditions as opposed to the minimal
case) [7, 8, 21].
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4.2 CPT invariance

Since our effective theory is non-local, CPT invariance is
not guaranteed by the CPT theorem12 [22]. Therefore,
possibilities of CPT violation must be explored, because
they could imply a preferred direction of time.

Indeed, the result obtained for SRG in [8] can be gener-
alized straightforwardly to arbitrary dilaton models.
There is, however, a subtlety: in those previous calcula-
tions m∞ = 0 was a natural consequence of the asymptot-
ically flat metric. Under this assumption, the gauge choice
ω0 = 0, e−

0 = −1, e+
0 = 0 led to some trivial sign changes

in intermediate formulae (in particular, e−
1 flipped its sign)

and an overall sign change in the (real) scattering ampli-
tude. From this and the fact that C and P act trivially,
CPT invariance could be established.

In the presence of a non-vanishing integration constant
m∞ the question arises of how to relate its values for dif-
ferent gauges. There is only one way to retain CPT in-
variance: the new value for m∞ must be related to the old
one by mCPT

∞ = −m∞. Then e−
1 (and also the vertices

and the amplitude) again simply flip their sign.
The physical interpretation of this treatment of the

integration constant is model dependent. For asymptot-
ically flat models it means that the space-time and its
mirror version must have the same ADM mass. For in-
stance, in SRG the term 1−2m∞/r present in the Killing
norm has to change into −1 + 2(−mCPT

∞ )/r and thus
mCPT

∞ = −m∞; note that the ADM mass is +m∞ in
the first case and −mCPT

∞ in the second case, so (by con-
struction) it does not change. For generic other models no
such interpretation seems to be available.

4.3 Conformal invariance

4.3.1 General considerations

As can be seen directly from (3.27) the curvature scalar
obviously is not invariant under conformal transforma-
tions. For GDTs without matter (but with coupling to
test particles because otherwise geometry is void13) this
leads to the immediate conclusion that GDTs are not con-
formally invariant – for instance, the global structure can
change by conformal transformations because in general
they have one or more singular points (cf. e.g. [23] and
references therein).

In the present context, however, we do not need test-
particles anymore, because we have (scalar) matter avail-
able to test geometry, e.g. by preparing some initial scalar
field configuration and measuring the final one14. The S-

12 The parent dilaton gravity theory is local but contains sin-
gular interactions
13 Geometry without test-particles to probe it is like the fic-
tion of “empty space” or the fiction of quantum mechanical
“observables” without external sources to probe them [23]
14 We note parallels to the concept of “quantum singulari-
ties”, where test-particles are replaced by a wavefunction and
singularities can be smoothed out [24]

matrix describes the physical content of scattering pro-
cesses.

Since both the asymptotic states and the vertices de-
pend only on w (a conformally invariant combination of
the potentials U and V ), F (the coupling function, which
by assumption is not changed by conformal transforma-
tions), and m∞ (the asymptotic mass-scale, which can be
fixed to the same numerical value in each conformal frame)
we can conclude that at tree level to lowest order in the
scalar field conformal invariance exists. Classically one can
trivially extend this result to the non-perturbative level
(cf. (2.11) and (2.12) which only depend on w′(p1)), but
not to one-loop level because the conformal anomaly will
destroy this invariance.

4.3.2 The special role of CGHS

In the CGHS model (UCGHS = −1/X, VCGHS = −2λ2X,
FCGHS = const.) the derivative of the quantity (2.13) is
constant. Therefore, according to (3.28) V (4) vanishes. Ac-
tually the absence of classical scalar vertices, to be used
in perturbation theory, extends to arbitrary orders in Φ0
and Φ1 of (2.9) as can be verified by inspection of the
Lagrangian (2.11) with (2.12). Thus, non-trivial scatter-
ing with an arbitrary number of external scalar legs would
have to result from higher order quantum effects, to be de-
rived e.g. from quantum back reaction which has not been
considered in the simplified path integral (2.10). The ab-
sence of classical scattering from the string inspired CGHS
model explains its simplicity and, at the same time, ques-
tions its status as an emblematic BH laboratory relative
to all other GDTs (including especially SRG itself) where
w′ (p1) �= const.

Obviously this “scattering triviality” extends to a
wider class of GDTs with minimally coupled scalars: if
the potentials VST and UST in (2.2) or (2.4) are related
by

UST (p1)VST (p1) + V ′
ST (p1) = 0 (4.6)

the crucial quantity w′
ST remains constant. As an example

of such models the “ab-family” U = −a/X, V ∝ X(a+b)

[25] can be considered. The triviality condition (4.6) estab-
lishes b = 0, containing the class of soluble models studied
by Fabbri and Russo [26]. As can be seen from Fig. 3.12
in [1] the value b = 0 is a critical one, for it separates
different “phases” of Carter–Penrose diagrams.

4.3.3 Presence of the VBH phenomenon

The VBH effect was tied to the appearance of a discon-
tinuity in C(g) of (3.14). Again the conformally invariant
quantity w, here combined with the constant m∞, plays
a central role. By the same token as above the VBH is
conformally invariant.

Despite the presence of the VBH in the CGHS model
we register the peculiar situation that it has no (classi-
cally) observable consequences due to “scattering trivial-
ity”; see (4.6). Thus, scattering non-triviality implies the
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VBH phenomenon but not vice versa. Only for “general-
ized teleparallel15” theories with w(p1) = w0 = const. the
VBH phenomenon will be absent provided m∞ = w0.

5 Conclusion and outlook

We have established the existence of the virtual black
hole phenomenon for all generalized dilaton theories with
(scalar) matter, with the notable exception of “generalized
teleparallel” theories. The corresponding effective geome-
try (3.20) shows essentially the same features as the previ-
ously discussed case of spherically reduced gravity [6–8].
The ensuing tree-level S-matrix for scattering of scalars
is CPT and conformally invariant. For the CGHS model
and a class of similar ones (4.6) where w′(p1) as defined in
(2.13) is constant no tree-level vertices with any number
of scalar legs are produced.

One can apply our methods to evaluate the S-matrix
for all models where the set of solutions of (4.2) is complete
and normalizable, i.e. where an asymptotic Fock space
can be constructed. In some cases the results will be not
very illuminating [6], in other cases they exhibit inter-
esting properties [7, 8]. For instance, spherically reduced
gravity from arbitrary dimension D could be worthwhile
studying, since on the one hand for D = 4 we already
know the result to be highly non-trivial and it would be
rewarding to verify whether this is generic or rather a spe-
cial feature of D = 4. On the other hand the formal limit
D → ∞ will yield the CGHS model with non-minimally
coupled scalars. Moreover, for m∞ = 0 the Fock space
construction is straightforward in these particular cases,
the asymptotic modes being D-dimensional s-waves.

Although some of our statements like tree-level confor-
mal invariance and “scattering triviality” in certain mod-
els are valid for tree vertices with any number of scalar
legs, we were concerned mostly with the lowest order of
these vertices ((3.28) and (3.29)). The non-symmetric one
vanishes for minimal coupling F (p1) = const.

The next obvious step at tree level is a generalization
to arbitrary six-point vertices. They will be the first ones
to break the Z2 symmetry discussed in the paragraph be-
low (3.28). Loop calculations, which will give insight into
the nature of the information paradox are in progress.
First results for the CGHS model are already available:
the otherwise trivial specific heat becomes mass depen-
dent at one-loop level [29].

We conclude this paper by noting that virtual black
holes may be significant already at the collider energies
according to some models (cf. e.g. [27]). In principle, our
analysis may be extended even to the creation of real black
holes at future colliders [28]. However, in a theoretical
analysis one would have to give up spherical symmetry, so
that a direct application of our approach would no longer
be possible.

15 Teleparallel theories obey U = const., V = 0 while “gener-
alized” refers to arbitrary U(p1) but retaining V = 0
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